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SPECTRUM OF WEIGHTED COMPOSITION
OPERATORS
PART VI
ESSENTIAL SPECTRA OF d-ENDOMORPHISMS OF
BANACH C(K)-MODULES
ARKADY KITOVER AND MEHMET ORHON
Abstract. We investigate properties of essential spectra of dis-
jointness preserving operators acting on Banach C(K)-modules.
In particular, we prove that under some very mild conditions the
upper semi-Fredholm spectrum of such an operator is rotation in-
variant. In the last part of the paper we provide a full description
of the spectrum and the essential spectra of operators acting on
Kaplansky modules of the form T = wU , where w ∈ C(K), U is
a d-isomorphism, and the spectrum of U is a subset of the unit
circle.
1. introduction
Disjointness preserving operators on Banach C(K)-modules 1 were
introduced in [1]. One of the main results proved there stated that if
the powers of such an operator T are in some sense disjoint and every
cyclic subspace of the Banach C(K)-module (represented as a Banach
lattice) has the Fatou property, then the spectrum and approximate
point spectrum of T are rotation invariant. It is natural to ask whether
under the same conditions the essential spectra (e.g. the Fredholm
spectrum) of T would be rotation invariant as well. At the time of
publication of [1], almost thirty years ago, we knew too little about
the properties of Banach C(K)-modules and about essential spectra
of disjointness preserving operators on Banach lattices to tackle this
problem. During the last few years the situation changed for the better
and, though many questions about essential spectra remain open, we
were able to make some progress presented in the current paper. The
plan of the paper is as follows.
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1The reader is referred to the next section for the precise meaning of terms and
notions used in the introduction.
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Section 2 contains notations, basic definitions, and some statements
from previous publications included for the reader’s convenience.
Section 3. We show in Theorem 3.3 that if the powers of T are ”dis-
joint” (d-independent) and all cyclic subspaces have the Fatou property
then the upper semi-Fredholm spectrum is rotation invariant.
If we assume a much stronger condition that all cyclic subspaces have
order continuous norm, then all the essential spectra of T considered
in this paper are rotation invariant (see Corollary 3.12).
Section 4. In this section we consider the case when the conjugate
operator T ′ is also disjointness preserving. This assumption allows us
to obtain stronger results than in the previous section.
Section 5. In the last section we consider operators of the form
T = wU where w ∈ C(K), U is a d-isomorphism, and the spectrum
of U lies on the unit circle. These assumptions allow us to obtain a
complete description of essential spectra of T .
2. Preliminaries
2.1. Basic notations and definitions. In the sequel we use the fol-
lowing standard notations.
N is the semigroup of all natural numbers.
Z is the ring of all integers.
R is the field of all real numbers.
C is the field of all complex numbers.
T is the unit circle. We use the same notation for the unit circle
considered as a subset of the complex plane and as the group of all
complex numbers of modulus 1.
U is the open unit disc.
D is the closed unit disc.
All the linear spaces are considered over the field C of complex num-
bers.
The algebra of all bounded linear operators on a Banach space X is
denoted by L(X).
Let E be a set, ϕ : E → E be a map, and w be a complex-valued
function on E. Then
ϕn , n ∈ N, is the nth iteration of ϕ,
ϕ0(e) = e, e ∈ E,
If F ⊆ E then ϕ(−n)(F ) means the full preimage of F for the map ϕn.
If the map ϕ is invertible then ϕ−n, n ∈ N, is the nth iteration of the
inverse map ϕ−1.
w0 = 1, wn = w(w ◦ ϕ) . . . (w ◦ ϕn−1), n ∈ N.
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Recall that an operator T ∈ L(X) is called semi-Fredholm if its range
R(T ) is closed in X and either dim ker T <∞ or codim R(T ) <∞.
The index of a semi-Fredholm operator T is defined as
ind T = dimker T - codimR(T ).
The subset of L(X) consisting of all semi-Fredholm operators is de-
noted by Φ.
Φ+ = {T ∈ Φ : null(T ) = dimker T < ∞} is the set of all upper
semi-Fredholm operators in L(X).
Φ− = {T ∈ Φ : def(T ) = codim R(T ) < ∞} is the set of all lower
semi-Fredholm operators in L(X).
F = Φ+ ∩ Φ− is the set of all Fredholm operators in L(X).
W = {T ∈ F : ind T = 0} is the set of all Weyl operators in L(X).
Let T be a bounded linear operator on a Banach space X . As usual,
we denote the spectrum of T by σ(T ) and its spectral radius by ρ(T ).
We will consider the following subsets of σ(T ).
σp(T ) = {λ ∈ C : ∃x ∈ X \ {0}, Tx = λx}.
σa.p.(T ) = {λ ∈ C : ∃xn ∈ X, ‖xn‖ = 1, Txn − λxn → 0}.
σr(T ) = σ(T ) \ σa.p.(T ) =
= {λ ∈ σ(T ) : the operator λI − T has the left inverse}.
Remark 2.1. It is clear that σa.p.(T ) is the union of the point spectrum
σp(T ) and the approximate point spectrum σa(T ) of T , while σr(T ) is
the residual spectrum of T . We have to notice that the definition of
the residual spectrum varies in the literature.
Following [3] we consider the following essential spectra of T .
σ1(T ) = {λ ∈ C : λI − T 6∈ Φ} is the semi-Fredholm spectrum of T .
σ2(T ) = {λ ∈ C : λI−T 6∈ Φ+} is the upper semi-Fredholm spectrum
of T .
σ2(T
′) = {λ ∈ C : λI−T 6∈ Φ−} is the lower semi-Fredholm spectrum
of T .
σ3(T ) = {λ ∈ C : λI − T 6∈ F} is the Fredholm spectrum of T .
σ4(T ) = {λ ∈ C : λI − T 6∈ W} is the Weyl spectrum of T .
σ5(T ) = σ(T ) \ {ζ ∈ C : there is a component C of the set C \ σ1(T )
such that ζ ∈ C and the intersection of C with the resolvent set of T
is not empty} is the Browder spectrum of T .
The Browder spectrum was introduced in [2] as follows: λ ∈ σ(T ) \
σ5(T ) if and only if λ is a pole of the resolvent R(λ, T ). It is not difficult
to see ( [3, p. 40]) that the definition of σ5(T ) cited above is equivalent
to the original definition of Browder.
It is well known (see e.g. [3]) that the sets σi(T ), i ∈ [1, . . . , 5] are
nonempty closed subsets of σ(T ) and that
σi(T ) ⊆ σj(T ), 1 ≤ i < j ≤ 5,
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where all the inclusions can be proper. Nevertheless all the spectral
radii ρi(T ), i = 1, ..., 5 are equal to the same number, ρe(T ), (see [3,
Theorem I.4.10]) which is called the essential spectral radius of T . It
is also known (see [3]) that the spectra σi(T ), i = 1, . . . , 4 are invariant
under compact perturbations, but σ5(T ) in general is not.
It is immediate to see that σ1(T ) = σ2(T )∩σ2(T ′) and that σ3(T ) =
σ2(T ) ∪ σ2(T ′).
Let us recall that a sequence xn of elements of a Banach space X is
called singular if it does not contain any norm convergent subsequence.
We will use the following well known characterization of σ2(T ) (see
e.g. [3]). The following statements are equivalent
(a) λ ∈ σ2(T ).
(b) There is a singular sequence xn such that ‖xn‖ = 1 and λxn −
Txn → 0.
2.2. Banach C(K)-modules and d-endomorphisms. In this sub-
section we mostly use terminology introduced in [1] and [13].
Let K be a compact Hausdorff space, X be a Banach space, and m
be a bounded unital homomorphism of C(K) into L(X). The triple
(C(K), m,X) is called a Banach C(K)-module. For brevity we will say
that X is a Banach C(K)-module.
Throughout this paper we will always assume without sprecifically
mentioning it that
(a) The Banach C(K)-module X is exact, i.e. kerm = 0. Indeed,
otherwise we can consider X as a Banach C(K1)-module, where
C(K1) ≃ C(K)/ kerm.
(b) The homomorphism m is an isometry (under condition (a) above
we can assume it without loss of generality, see [5, Lemma 2]).
Remark 2.2. In [1] a Banach C(K)-module with properties (a) and
(b) is called an operator C(K)-module.
Let X be a Banach C(K)-module. Notice that in general the weak
operator closure of m(C(K)) is isometrically isomorphic to some C(Q)
(see [1, Corollary 6.3, p. 35]). By analogy with the case of Banach
lattices this closure is called the center of the Banach C(K)-module X
(see [1, Definition 4.3]) but in the current paper we will not use this
terminology.
In the sequel when considering a Banach C(K)-module we will as-
sume, unless otherwise specified, that
(c) m(C(K)) is closed in L(X) in the weak operator topology.
For brevity, throughout the paper we will identify an f ∈ C(K) and
its image m(f) ∈ L(X).
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Let x ∈ X . The cyclic subspace X(x) is defined as
X(x) = clX{fx : f ∈ C(K)}.
Endowed with the order defined by the cone X+(x) = cl{fx : f ∈
C(K), f ≥ 0} the cyclic subspace X(x) becomes a Banach lattice
(see [5]).
The following important class of Banach C(K)-modules was intro-
duced by Kaplansky in [8].
Definition 2.3. A Banach C(K)-module X is called a Kaplansky
module if
(1) The compact space K is extremally disconnected.
(2) For any x ∈ X the set {f ∈ C(K) : fx = 0} is a band in C(K).
Remark 2.4. In [1] a Banach C(K)-module with properties (1) and
(2) from Definition 2.3 is called an order complete C(K)-module.
For us will be important the following properties of Kaplansky mod-
ules (for a proof see [13]).
Proposition 2.5. Let X be a Kaplansky module. Then
(1) C(K) is closed in L(X) in the weak operator topology.
(2) For every x ∈ X the cyclic subspace X(x) with the cone X+(x)
is a Dedekind complete Banach lattice.
(3) For every x ∈ X there exists the unique idempotent ex in C(K)
such that exx = x and
h ∈ C(K), h2 = h, hx = x⇒ ex ≤ h.
The idempotent ex is called the the carrier projection of x and by
the support of x, supp x, we mean the support of ex in K.
Disjointness preserving operators on Banach C(K)-modules were in-
troduced in [1, Definition 4.5, p. 21]. The definition in [1] is technically
complicated and not very convenient to work with. Here we will use
an equivalent but simpler definition. The proof of equivalence of Def-
inition 2.6 below and Definition 4.5 in [1] will be given in a separate
publication.
Definition 2.6. Let X be a Banach C(K)-module and T ∈ L(X).
The operator T is called a d-endomorphism if for any x ∈ X we
have T (X(x)) ⊆ X(Tx) and the operator T |X(x) : X(x) → X(Tx) is
disjointness preserving (we assume here that the cyclic subspaces X(x)
and X(Tx) are represented as Banach lattices).
In the case when X is a Kaplansky module its d-endomorphisms can
be characterized as follows.
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Proposition 2.7. (see [1, Proposition 11.23, p.83]) Let X be a Kaplan-
sky module and T ∈ L(X). The following conditions are equivalent.
(1) T is a d-homomorphism of X.
(2) There exist a clopen subset E of K and a continuous map ϕ :
E → K such that
T (fx) = (f ◦ ϕ)Tx, x ∈ X, f ∈ C(K),
where
(f ◦ ϕ)(k) =
{
f(ϕ(k)), if k ∈ E;
0, if k ∈ K \ E.
Remark 2.8. The set E in Proposition 2.7 is the smallest (by inclu-
sion) clopen subset of K such that χET = T . Respectively, F = K \E
is the largest clopen subset of K such that χFT = 0. In particular, if
E = K and F = ∅ the map ϕ is defined on K.
Remark 2.9. Because the map ϕ in the statement of Proposition 2.7
is defined only on a clopen subset of K we need to clarify what we mean
by iterations of the map ϕ and its periodic points. For any n ∈ N let En
and ϕn : En → K be the clopen subset ofK and the map corresponding
to the d-endomorphism T n, respectively. Thus, E = E1 and ϕ = ϕ1. It
is immediate to see that En ⊆ ϕ−1(En−1) ∩ En−1, n ≥ 1. 2 Therefore,
the map ϕn is well defined on En and ϕ
n(k) = ϕn(k), k ∈ En.
Definition 2.10. Let E and ϕ be as in the statement of Proposi-
tion 2.7. A point k ∈ K is called ϕ-periodic if k ∈
∞⋂
n=1
En and there
is an m ∈ N such that ϕm(k) = k. The smallest such m is called the
period of k.
A point k ∈ K is called eventually ϕ-periodic if k ∈
∞⋂
n=1
En and
there is a p ∈ N such that ϕp(k) is a ϕ-periodic point.
Now we need to discuss the notion of d-independence of powers
of a d-endomorphism introduced in [1]. First recall that if X is a
Dedekind complete Banach lattice then the space Lr(X) of all regular
operators on X is a Banach lattice as well. In this case we say that
powers T n : n ≥ 0 of a d-endomorphism T are d-independent if these
powers are disjoint in the Banach lattice Lr(X).
Proposition 2.11. (see [1, Proposition 11.24 and Remark 11.25, p.83])
Let X be a Dedekind complete Banach lattice, Z(X) = C(K) be the
center of X, T be a d-endomorphism of X, and ϕ be the corresponding
2The inclusion En ⊆ ϕ−1(En−1) ∩ En−1 can be proper.
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map described in Proposition 2.7. For m ∈ N let F (m) be the set of
all ϕ-periodic points in K of period less or equal to m. The following
conditions are equivalent
(1) The powers of T are d-independent.
(2) For any m,n ∈ N the set ϕ(−n)(F (m)) is nowhere dense in K.
Proposition 2.11 justifies the following definition.
Definition 2.12. LetX be a Kaplansky module and T be a d-endomorphism
of X . We say that the powers T n : n ≥ 0 of T are d-independent if for
any m,n ∈ N the set ϕ(−n)(F (m)) is nowhere dense in K.
To be able to define d-independence of powers of a d-endomorphism
in the case of an arbitrary Banach C(K)-module X we need to discuss
briefly the properties of the conjugate module X ′. The map f →
f ′, f ∈ C(K) defines an isometrical and algebraic embedding of C(K)
into L(X ′). Let us consider the closure of the image of C(K) under this
map in the topology σ(L(X ′), X ′ ⊗ X). It was proved in [1, Chapter
9] that this closure is isometrically isomorphic to C(K1) where K1 is
a hyperstonean compact space, and that X ′ considered as a Banach
C(K1)-module is a Kaplansky module.
Applying the same procedure to the Banach C(K1)-module X
′ we
see that the second dual X ′′ can be endowed with the structure of
a Kaplansky C(Q)-module where Q is a hyperstonean compact space.
Moreover, if T is a d-endomorphism of X then T ′′ is a d-endomorphism
of X ′′ (see [1, Theorem 10.6, p.71 and Remark 11.22.4, p.83]). By
Proposition 2.7 there are a clopen subset E of Q and a continuous map
ψ such that
T ′′gz = (g ◦ ψ)T ′′z, g ∈ C(Q), z ∈ X ′′ (1)
where the composition g ◦ψ is defined as in Proposition 2.7. Moreover,
the map ψ is open ([1, Theorem 10.7, p.71]).
Let x ∈ X and let X(x) be the corresponding cyclic subspace en-
dowed with the structure of a Banach lattice. Let Z(X) be the center
of the Banach lattice X(x) and Kx be the Gelfand space of Z(X). Let
also j be the canonical map of X into X ′′. Let Qx be the support of
jx in Q. Then (see [1, 11.35, p.86]) there exists a continuous unique
surjective map ηx : Qx → Kx such that
jTfx = (f ◦ ηx)jTx, f ∈ Z(X(x)).
Definition 2.13. Let X be a Banach C(K)-module, T be a
d-endomorphism of X , and ψ be as in( 1). Let F (m), m ∈ N be the set
of all ψ periodic points in Q of period at most m. We say that powers
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of T are d-independent if for any x ∈ X and for any m,n ∈ N the
set ηx(ψ
(−n)(F (m) ∩Qx)) is nowhere dense in Kx.
Remark 2.14. The definition of d-independence in [1, Definition 11.8]
is technically much more involved than Definition 2.13, but by Propo-
sition 11.36 from [1] the two definitions are equivalent. In particular,
in the case of Kaplansky modules Definition 2.13 is equivalent to Def-
inition 2.12.
2.3. Some results on spectrum of d-endomorphisms. In this sub-
section we recall some results concerning the spectrum of d-endomorphisms
of Banach C(K)-modules and Banach lattices that we will need in this
paper.
Let us recall that a Banach lattice X has the Fatou property if for
every positive x ∈ X and for every net xα such that xα ≥ 0 and xα ↑ x
we have ‖xα‖ ↑ ‖x‖.
One of the main results in [1] is the following theorem.
Theorem 2.15. ( [1, Theorem 12.11] Let X be a Banach C(K)-module
and T be a d-endomorphism of X. Assume the following two condi-
tions.
(1) Every cyclic subspace of X represented as a Banach lattice has the
Fatou property.
(2) The powers of T are independent.
Then the sets σa.p.(T ) and therefore σ(T ) are rotation invariant.
In the case when X is a Kaplansky module we can say more. To
discuss it we need some additional notations.
Definition 2.16. LetX be a Kaplansky module, T be a d-endomorphism
of X and ϕ be the corresponding map (see Proposition 2.7). For every
m ∈ N we denote by Pm the set of all ϕ-periodic points of the period
m, and by Πm the clopen set IntPm. We also denote by Hm the clopen
set cl
∞⋃
n=1
ϕ(−n)(Πm).
Remark 2.17. In general Hm $ ϕ(−1)(Hm), but if the map ϕ is open
then it is easy to see that Hm = ϕ
(−1)(Hm). In connection with it we
recall the following definition from [1].
Definition 2.18. Let X be a Banach C(K)-module and T be a d-
endomorphism of X . The operator T is called order continuous if
for every x ∈ X the operator T : X(x) → X(Tx) (where X(x) and
X(Tx) are represented as Banach lattices) is order continuous.
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Proposition 2.19. (see [1, Remark 11.28, p. 84]) Let X be a Kaplan-
sky module and T be a d-endomorphism of X. The following conditions
are equivalent.
(1) The operator T is order continuous.
(2) The map ϕ from Proposition 2.7 is open.
Definition 2.20. Let X be a Kaplansky module, T be an order con-
tinuous d-endomorphism of X , and ϕ be the corresponding map from
Proposition 2.7. Let χm be the characteristic function of the set Πm
and χ(m) - the characteristic function of Hm. We denote by Tm and
T(m) the operators χmTχm and χ(m)T ), respectively. We also denote
by σm and σ(m) the sets σ(χmTχm) and σ(χ(m)T ), respectively.
Now we can state the result that complements Theorem 2.15.
Theorem 2.21. (see [1, Proposition 12.15 and Remark 12.16]) Let X
be a Kaplansky module and T be an order continuous d-endomorphism
of X. Assume one of the following conditions
(a) X has the Fatou property.
(b) K is hyperstonean.
Then
(1) γσm = σm and γσ(m) = σ(m) for every γ ∈ C such that γm = 1.
(2) For every m ∈ N we have σ(m) ⊆ σ(T ) and the set σ(T ) \
∞⋃
m=1
σ(m) is rotation invariant.
(3) For every m ∈ N the set σa.p.(χ(m)T )\σa.p.(χmTχm) is rotation
invariant.
There are two important cases when the statement of Theorem 2.21
can be further improved. The first of them is the case when the Ka-
plansky module is actually a Dedekind complete Banach lattice.
Theorem 2.22. Let X be a Dedekind complete Banach lattice with the
Fatou property and T be an order continuous d-endomorphism of X.
Then
(1) σm ⊆ σ(T ), m ∈ N.
(2) The set σ(T ) \
∞⋃
m=1
σm is rotation invariant.
Remark 2.23. The inclusion σm ⊆ σ(T ) or even σm ⊆ σ(T ) ∪ {0} is
not true in general in the case when X is a Kaplansky module (see [1,
Remark 12.17]).
The second is the case when the conjugate operator T ′ is a d-endomorphism
of the Kaplansky module X ′.
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Theorem 2.24. Let X be a Kaplansky module and T be a d-endomorphism
of X such that T ′ is a d-endomorphism of X ′. Assume one of the fol-
lowing conditions.
(1) X has the Fatou property.
(2) T is order continuous.
Then σm = σ(m), m ∈ N, and the set σ(T )\
∞⋃
m=1
σm is rotation invariant.
Remark 2.25. Condition (2) of Theorem 2.24 is satisfied, in particu-
lar, if U is a d-automorphism of X , w ∈ C(K), and T = wU .
At the end of this subsection we will recall some results about essen-
tial spectra of weighted automorphisms of C(K) and operators of the
form T = wU acting on a Dedekind complete Banach lattice X , where
U is a d-automorphism of X , σ(U) ⊆ T, and w ∈ Z(X). We will need
these results later in Section 5.
The next two theorems were proved in [10]. We will need them
only in the case when the compact space K is extremally disconnected
(stonean), thus their statements can be somewhat simplified.
Theorem 2.26. ( [10, Theorem 3.29]) Let ϕ be a homeomorphism of
the compact stonean space K onto itself, w ∈ C(K), and (Tf)(k) =
w(k)f(ϕ(k), f ∈ C(K), k ∈ K. Assume that the set of all ϕ-periodic
points is empty. Let λ ∈ σ(T ). Consider the following statements.
(R) The operator λI − T has a right inverse, or equivalently (λI −
T )C(K) = C(K), or equivalently λ ∈ σr(T ′).
(L) The operator λI − T has a left inverse, or equivalently
‖(λI − T )f‖ ≥ C‖f‖, f ∈ C(K), C > 0, or equivalently λ ∈ σr(T ).
(A) There are closed subsets E, F and Q of K such that
(a) The set Q is clopen and the sets E, F , and ϕi(Q), i ∈ Z are pairwise
disjoint,
(b) K = E ∪ F ∪
∞⋃
j=−∞
ϕj(Q).
(c) ϕ(E) = E and σ(T, C(E)) ⊂ {ξ ∈ C : |ξ| < |λ|},
(d) ϕ(F ) = F and σ(T, C(F )) ⊂ {ξ ∈ C : |ξ| > |λ|},
(e)
∞⋂
n=1
cl
∞⋃
j=n
ϕj(Q) ⊆ E,
(f)
∞⋂
n=1
cl
∞⋃
j=n
ϕ−j(Q) ⊆ F .
(B) There are closed subsets E, F and Q of K with the properties (a)
- (d) from (A)
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(e′)
∞⋂
n=1
cl
∞⋃
j=n
ϕj(Q) ⊆ F
and
(f ′)
∞⋂
n=1
cl
∞⋃
j=n
ϕ−j(Q) ⊆ E.
Then the following equivalencies hold:
(L)⇔ (A),
(R)⇔ (B).
The next theorem indicates the changes we have to make in the
statement of Theorem 2.26 if we omit the condition that the set of all
ϕ-periodic points is empty.
Theorem 2.27. ( [10, Theorem 3.31]) Let ϕ be a homeomorphism of
the compact stonean space K onto itself, M ∈ C(K), and (Tf)(k) =
M(k)f(ϕ(k), f ∈ C(K), k ∈ K. Let λ ∈ σ(T ). The following condi-
tions are equivalent.
(1) λ ∈ σr(T ) (respectively, λ ∈ σr(T ′)).
(2) There are m ∈ N and a clopen subset P of K such that P ⊂ Pm,
ϕ(P ) = P , λ 6∈ σ(T, C(clP )), and K can be partitioned as K = E ∪
Q∪F ∪P where the sets E, F , and Q satisfy conditions A (respectively
B) of Theorem 2.24.
Thus we have a description of the conditions when the operator λI−
T is semi-Fredholm and either nullT = 0 or defT = 0. The next
theorem combined with Theorem 2.26 provides a description of the
upper semi-Fredholm spectrum of a weighted automorphism of C(K).
Theorem 2.28. (see [12, Theorem 2.7]) Let T be a weighted automor-
phism of C(K),
(Tf)(k) = w(k)f(ϕ(k)), f ∈ C(K), k ∈ K,
and let λ ∈ σ(T ) \ {0}. The following conditions are equivalent.
(I) The operator λI−T is semi-Fredholm and 0 < nul(λI−T ) <∞.
(II) There are subsets L and S of K with the properties
(1) The subsets L and S are at most finite and at least one of them
is not empty.
(2) Every point of L ∪ S is an isolated point in K.
(3) If p, q ∈ L ∪ S and p 6= q then ϕi(p) 6= ϕj(q), i, j ∈ Z
(4) If l ∈ L then the point l not ϕ-periodic and λ ∈ σr(T ′, C(tr(l))′),
where Tr(l) = cl{ϕj(l); j ∈ Z.
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(5) If s ∈ S then the point s is ϕ-periodic and λp = wp(s), where p
is the period of the point s.
(6) Let U =
∞⋃
j=−∞
ϕ(j)(L ∪ S) and V = K \ U . Then either λ 6∈
σ(T, C(V )) or λ ∈ σr(T, C(V )).
Remark 2.29. . Assume conditions of Theorem 2.28. Then null(λI−
T ) = card(L) + card(S).
Similarly we can describe the lower semi-Fredholm spectrum of a
weighted automorphism of C(K).
Theorem 2.30. (see [12, Theorem 2.11]) Let T be a weighted auto-
morphism of C(K),
(Tf)(k) = w(k)f(ϕ(k)), f ∈ C(K), k ∈ K,
and let λ ∈ σ(T ) \ {0}. The following conditions are equivalent.
(I) The operator λI−T is semi-Fredholm and 0 < def(λI−T ) <∞.
(II) There are subsets L and S of K with the properties
(1) The subsets L and S are at most finite and at least one of them
is not empty.
(2) Every point of L ∪ S is an isolated point in K.
(3) If p, q ∈ L ∪ S and p 6= q then ϕi(p) 6= ϕj(q), i, j ∈ Z
(4) If l ∈ L then the point l not ϕ-periodic and λ ∈ σr(T, C(tr(l))),
where Tr(l) = cl{ϕj(l); j ∈ Z.
(5) If s ∈ S then the point s is ϕ-periodic and λp = wp(s) where p
is the period of the point s.
(6) Let U =
∞⋃
j=−∞
ϕ(j)(L ∪ S) and V = K \ U . Then either λ 6∈
σ(T, C(V )) or λ ∈ σr(T ′C(V )′).
Remark 2.31. . Assume conditions of Theorem 2.30. Then def(λI −
T ) = card(L) + card(S).
The case when λ = 0, in other words the question when the operator
T is semi-Fredholm is resolved by the following proposition
Proposition 2.32. Let T be a weighted automorphism of C(K).
(Tf)(k) = w(k)f(ϕ(k)), f ∈ C(K), k ∈ K.
The following conditions are equivalent.
(1) T is semi-Fredholm.
(2) T is Fredholm.
(3) T is Fredholm and ind T = 0.
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(4) The set Z(w) = {k ∈ K : w(k) = 0} is at most finite and every
point in Z(w)is isolated in K.
From the previous results the reader can easily derive a complete
description of the essential spectra σi(T ), i = 1, . . . , 5 of a weighted
automorphism T of C(K). The details can also be found in [12, Section
3, p.11].
In Section 5 of the current paper it will be important for us that the
above description of essential spectra of weighted automorphisms of
C(K) can be applied to a large class of disjointness preserving operators
on Dedekind complete Banach lattices.
Theorem 2.33. (see [12, Theorem 4.5, p.20]) Let X be a Dedekind
complete Banach lattice and U be a d-automorphism of X such that
σ(U) ⊆ T. Let w ∈ Z(X) ≈ C(K) and let T = wU . Consider the
following automorphism of C(K)
f → UfU−1, f ∈ C(K),
and let ϕ be the corresponding homeomorphism of C(K). Let S be the
weighted automorphism of C(K) defined as
(Tf)(k) = w(k)f(ϕ(k)), f ∈ C(K), w ∈ K.
Then
σ(T ) = σ(S) and σi(T ) = σi(S), i = 1, . . . , 5.
3. Essential spectra of d-endomorphisms.
Based on Theorem 2.15 we make the following conjecture.
Conjecture 3.1. Let X be a Banach C(K)-module and T be a d-
endomorphism of X . Assume that
(1) The powers of T are d-independent.
(2) X has the Fatou property.
Then the essential spectra σi(T ), i = 1. . . . , 5 are rotation invariant.
So far we were unable to prove Conjecture 3.1 in full generality but
partial results in this direction are presented in the current section.
We will need the following lemma.
Lemma 3.2. (see [1, Lemmas 12.6.1 - 12.6.3, p. 92]) Let K be an
extremally disconnected compact space, E be a clopen subset of K, and
ϕ : E → K be an open map. Let α ∈ T.
(1) If for some m ∈ N the set F (m) is empty then there is an
f ∈ C(K) such that |f | ≡ 1 and
|f(ϕ(k))− αf(k)| ≤ 2π
m+ 1
, k ∈ E.
Spectrum of weighted composition operators. VI 14
(2) If K is hyperstonean then for every m ∈ N the set F (m) is
clopen in K. Moreover, if we denote by Vm the set ϕ
(−m)(F (m))
then there is an f ∈ C(K) such that |f | ≡ 1 on K \ Vm and
|f(ϕ(k))− αf(k)| ≤ 2π
m+ 1
, k ∈ E.
Theorem 3.3. Let X be a Banach C(K)-module and T be a
d-endomorphism of X. Assume that
(1) The Banach C(K)-module X has the Fatou property.
(2) The powers of T are d-independent.
Then the upper semi-Fredholm spectrum, σ2(T ) is rotation invariant.
Proof. Let λ ∈ σ2(T ). We can assume without loss of generality that
λ = 1. We need to prove that T ⊆ σ2(T ). Recall that the second conju-
gate space X ′′ is a Kaplansky C(Q)-module where Q is a hyperstonean
compact space and T ′′ is a d-endomorphism of X ′′. Moreover, there
are a clopen subset E of Q and an open continuous map ψ : E → Q
such that (1) holds. Let Qm = cl
∞⋃
n=0
ψ(−n)(F (m)) and Pm = Q \ Qm.
Notice that because Q is hyperstonean and the map ψ is open we have
ψ(Qm) = ψ
(−1)(Qm) = Qm. Let pm = χPm and qm = χQm . Then
pmT
′′ = T ′′pm. Let Tm = pmT ′′. We consider two cases.
(1) For any m ∈ N we have 1 ∈ σ2(Tm). Assume, contrary to our claim
that there is an α ∈ T such that α 6∈ σ2(T ). Because the set of all
upper semi-Fredholm operators is open in L(X) there is an ε > 0 such
that if A ∈ L(X) and ‖α−1T ′′ − A‖ < ε then 1 6∈ σ2(A). Fix m ∈ N.
By part 1 of Lemma 3.2 there is an f ∈ C(Rm) such that |f | ≡ 1 on
Rm and
|f(ψ(q))− α−1f(q)| < 2π
m+ 1
, q ∈ Em, (2)
where Em = Rm ∩ E. Let
A = qmα
−1T ′′ + f−1Tmf.
Then applying (2) we see that
‖A−α−1T ′′‖ = ‖f−1Tmf −α−1Tm‖ = ‖(χEm(f−1(f ◦ψ)−α−1))Tm‖
≤ 2π
m+ 1
‖Tm‖ ≤ 2π
m+ 1
‖T‖. (3)
If we chose m so large that 2pi
m+1
‖T‖ < ε then it follows from (3) that
1 6∈ σ2(A), and therefore, 1 6∈ σ2(Tm), a contradiction.
(2) There is an m ∈ N such that 1 6∈ σ2(Tm). Let zn ∈ X be a
singular sequence such that ‖zn‖ = 1 and Tzn − zn → 0. Let j be the
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canonical embedding of X into X ′′. We can assume by choosing an
appropriate subsequence that the sequence pmjzn converges by norm
in X ′′. Notice also that the sequence tn = (I−pm)jzn/‖(I−pm)jzn‖ is
singular and that T ′′tn− tn → 0. For any k ∈ N let qk,m be the projec-
tion corresponding to the characteristic function of the set ψ(−k)(F (m)).
We have to consider two subcases.
(2a) There are a positive constant c and increasing sequences nl and rl
of positive integers such that
‖(I − qnl,m)trl‖ ≥ c. (4)
We can assume without loss of generality that the integers nl are even.
Indeed, if nl is odd we can change it to nl − 1 using the inequality
‖(I − qnl−1,m)trl‖ ≥ ‖(I − qnl,m)trl‖.
Let dl = nl/2. Fix α ∈ T and consider function fl on Gm defined as
fl(q) =


0, q ∈ ψ(−dl)(F (m));
αi
(
1− 1√
dl
)i
, q ∈ ψ(−nl+i)(F (m)) \ ψ(−nl+i+1)(F (m)), i = 0, . . . , nl − dl − 1;
α−j, q ∈ ψ(−nl−j−1)(F (m)) \ ψ(−nl−j)(F (m)), j ∈ N.
(5)
For any large enough l we have
(
1− 1√
dl
)dl−1 < 1√
dl
Then it follows from (5) by the means of a routine calculation that
|(fl ◦ ψ)(q)− αfl(q)| ≤ 1√
dl
, q ∈
∞⋃
n=1
ψ(−n)(F (m)). (6)
Because the compact space Qm is extremally disconnected there is a
continuous extension gl of fl on Qm, and it follows from (6) that
‖gl ◦ ψ − αgl‖ ≤ 1√
dl
(7)
Let yl = gltrl. We conclude from( 4) and (5) that ‖yl‖ ≥ c. It follows
from( 7) that T ′′yl − αyl → 0, and finally, it follows from (5) that
supp(yl) ∩ ψ−dl(F (m)) = ∅, and therefore the sequence yl is singular.
(2b) If we cannot find a constant c and sequences nl and rl such that (4)
holds, then we can assume without loss of generality that
‖(I − qn,m)tn‖ ≤ 1/n, n ∈ N. (8)
Let r, s ∈ N and let zr 6= zs. We claim that
‖zr − zs‖ ≤ ‖jzr − jzs − qr,mjzr + qs,mjzs‖. (9)
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To prove (9) let u = zr − zs and let us consider the cyclic subspace
X(u) represented as a Banach lattice. Because the powers of T are
d-independent, according to Definition 2.13 the set ηu(ψ
−n(F (m)∪Qu))
is nowhere dense in Ku for any n ∈ N. Therefore, we can find a net yγ
of elements of the Banach lattice X(u) such that yγ ↑ u and for any γ
qr,m(jyγ) = qs,m(jyγ) = 0. Then
‖yγ‖ ≤ ‖jzr − jzs − qr,mjzr + qs,mjzs‖. (10)
But, because X has the Fatou property, we have ‖yγ‖ ↑ ‖y‖ and (9)
follows from (10). From (8) and (9) we conclude that
‖zr − zs‖ ≤ ‖pm(jzr − jzs)‖+ 1/r + 1/s. (11)
Because pm(jzn) is a Cauchy sequence it follows from (11) that the se-
quence zn is also a Cauchy sequence, in contradiction to our assumption
that the sequence zn is singular. 
Corollary 3.4. Let X be a Kaplansky module with Fatou property, T
be a d-endomorphism of X, and ϕ : E → K be the corresponding map
from Proposition 2.7. Assume one of the following conditions
(1) The set of all eventually ϕ-periodic points is of first category in
K.
(2) The operator T is order continuous and the set of all ϕ-periodic
points is of first category in K.
Then the set σ2(T ) is rotation invariant.
The next theorem complements the statements of Theorems 2.21
and 3.3. We use the notations from Definition 2.20.
Theorem 3.5. Let X be a Kaplansky module with Fatou property and
T be an order continuous d-endomorphism of X. Then
(1) γσi(Tm) = σi(Tm) and γσi(T(m)) = σi(T(m)) for i = 1, . . . , 5 and
for every γ ∈ C such that γm = 1.
(2) For every m ∈ N we have σ2(T(m)) ⊆ σ2(T ) and the set σ2(T ) \
∞⋃
m=1
σ2(T(m)) is rotation invariant.
(3) For every m ∈ N the set σa.p.(T(m))\σa.p.(Tm) is rotation invari-
ant and contained in σ2(T ). Moreover, if the set Πm contains no
isolated points the same is true for the set σa.p.(T(m)) \ σ2(Tm).
Proof. (1) It is immediate to see that there is a clopen subset Π of Πm
such that the sets ϕj(Π), j = 0, . . . , m − 1 are pairwise disjoint and
Πm =
m−1⋃
j=0
ϕj(Π). Let λ ∈ C, λm = 1. Consider the function g defined
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on
∞⋃
n=1
ϕ(−n)(Πm) as
g(k) =
{
λj, if k ∈ ϕj(|Pi);
λ−ng(ϕn(k)), if k ∈ ϕ−n(Πm) \ ϕ−n+1(Πm), n ∈ N.
Let h be the continuous extension of g on Hm and let
r(k) =
{
h(k), if k ∈ Hm;
1, otherwise.
Then, (r ◦ ϕ)(k) = λr(k), k ∈ Hm. Therefore, r−1Tmr = λTm and
r−1T(m)r = λT(m).
(2) The inclusion σ2(T(m) ⊆ σ2(T ) is trivial because the projection
qm = χHm commutes with T . Let λ ∈ σ2(T ) \
∞⋃
m=1
σ2(T(m)). We can
assume without loss of generality that λ = 1. Let L = cl
∞⋃
m=1
Hm and
M = K \ L. Consider two possibilities.
(2a) 1 ∈ σ2(T, χMX). Because ϕ periodic points make a set of first
category in M , by Corollary 3.4 T ⊆ σ2(χMX) ⊆ σ2(T ).
(2b). 1 6∈ σ2(T, χMX). Then 1 ∈ σ2(T, χLX). Moreover, for any
m ∈ N we have 1 ∈ σ2(T, χLmX where Lm = cl
∞⋃
j=m
Hj . Therefore, we
can find a sequence xm ∈ X such that ‖xm‖ = 1, Txm − xm → 0, and
supp xm ⊆ Lm. Fix α ∈ T. By part (1) of Lemma 3.2 for any m ∈ N
there is an fm ∈ C(Lm) such that |f | ≡ 1 and ‖f ◦ϕ−αf‖C(Lm) ≤ 2pim .
Then ‖fmxm‖ = 1 and it is easy to see that T (fmxm)− α(fmxm)→ 0.
Moreover, the sequence fmxm is singular because supp(fmxm) ⊆ Lm.
(3a). Let λ ∈ σa.p.(T(m)) \ σa.p.(Tm) and let α ∈ T. Let xn ∈ X ,
‖xn‖ = 1, supp xn ⊆ Hm, and Txn − λxn → 0. Because λ 6∈ σa.p.(Tm)
we have
χΠmxn → 0. (12)
The proof of Part 3 of Proposition 12.15 in [1, p. 98] shows that (12)
implies the existence of a sequence yn ∈ X such that ‖yn‖ = 1, Tyn −
λαyn → 0 and supp(yn) ⊆ Hm \ ϕ(−n)(Πm). The last inclusion implies
that the sequence yn is singular.
(3b) Assume now that Πm has no isolated points and λ ∈ σa.p.(T(m)) \
σ2(Tm). Let again xn ∈ X , ‖xn‖ = 1, supp xn ⊆ Hm, and Txn−λxn →
0. It is enough to prove that (12) holds. If not, then there is a z 6= 0,
supp z ⊆ Πm, such that Tmz = λz. Because Πm contains no isolated
points we can find an infinite sequence Ej of pairwise disjoint clopen
subsets of supp z such that ϕ(Ej) = Ej . Then TmχEjg = λχEjg and
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therefore null(λI − Tm) = ∞, in contradiction with our assumption
that λ 6∈ σ2(Tm). 
Remark 3.6. In the special case when the Kaplansky module X is a
Dedekind complete Banach lattice we have in virtue of Theorem 2.22
that σ(Tm) ⊆ σ(T ), m ∈ N. Moreover, because Tmm is a central op-
erator, it is immediate to see that in case when X has no atoms we
have σ(Tm) = σ1(Tm). But, as the next example shows, the inclusion
σ(Tm) ⊆ σ2(T ), or even σ(Tm) ⊆ σa.p.(T ), in general does not hold.
Example 3.7. Let X = ℓ∞(N). We define the map ϕ : N → N as
follows
ϕ(k) =
{
1, if k = 1;
k − 1, if k ∈ N and k > 1.
The map ϕ extends in the unique way to the open continuous surjection
ψ : K → K, where K is the Gelfand compact of the Banach algebra
ℓ∞(N). Next, we define the weight w ∈ ℓ∞(N) as
w(k) =
{
1, if k = 1;
2, if k ∈ N k > 1.
We denote by W the element of C(K) corresponding to w and define
the operator T on C(K) as
(Tf)(k) = W (k)f(ψ(k)), f ∈ C(K), k ∈ K.
Notice thatH1 = {1} and σ(T1) = 1. We claim that 1 ∈ σr(T ). Indeed,
assume to the contrary that 1 ∈ σa.p.(T ) and let xn ∈ C(K) be such
that ‖xn‖ = 1 and Txn − xn → 0. Let kn ∈ K be a point such that
|xn(k)| = 1 and let k be a limit point of the set {kn} in K . It is
immediate to see that |Wn(k)| ≥ 1, n ∈ N and also that for any n ∈ N
and for any s ∈ ϕ(−n)({k|}) we have |Wn(s)| ≤ 1. But it is clear from
the definitions of ϕ andW that such a point k does not exist. Actually,
σ(T ) = 2D while σr(T ) = 2U.
Remark 3.8. It is not difficult to modify Example 3.7 in such a way
that X becomes a Dedekind complete Banach lattice ( and even a
Banach function space) with no atoms. E.g. we can take as X the
Banach lattice ℓ∞(L∞(0, 1)).
We can get stronger results by imposing additional conditions on
the map ϕ and/or the compact space K. The first such result is the
following
Theorem 3.9. Let X be a Kaplansky module, T ∈ L(X) be a d-
endomorphism of X, and ϕ be the map from Proposition 2.7
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Assume that the map ϕ is open and the set of all periodic points of
ϕ is empty. Then the sets σ(T ), σa.p.(T ), σr(T ) as well as the essential
spectra σi(T ), i = 1, . . . , 5 and σ2(T
′) are rotation invariant.
Proof. Let α ∈ T and ε > 0. By part (1) of Lemma 3.2 there is a
g ∈ C(K) such that
|g| ≡ 1 on K and ‖g ◦ ϕ− αg‖ ≤ ε. (13)
Then
‖αT − g−1Tg‖ = ‖αT − g−1(g ◦ ϕ)T‖ (14)
Combining (13) and (14) we get
‖αT − g−1Tg‖ ≤ ε‖T‖. (15)
The statement of the theorem follows from (15) and the well known
fact that the set of all semi-Fredholm operators is open in L(X) and
the index of a semi-Fredholm operator is invariant under perturbations
of small norm (see e.g. [9]). 
Corollary 3.10. Let X be a Kaplansky module, T be a d-endomorphism
of X, and ϕ be the map from Proposition 2.7. Assume that
(1) The compact space K is hyperstonean.
(2) The powers of T are d-independent.
(3) The operator T is order continuous.
Then the statement of Theorem 3.9 holds.
Proof. Conditions (1) and (3) and Corollary A9 from [1, p.144] imply
that the set F (m) is clopen in K for any m ∈ N. Therefore, condition
(2) implies that the sets F (m) are empty. Thus, the statement follows
from Theorem 3.9. 
Corollary 3.11. Let X be a Kaplansky module and T be a d-endomorphism
of X. Assume that
(1) The compact space K is hyperstonean.
(2) The operator T is order continuous.
Then the statement of Theorem 3.5 holds.
Proof. In the proof of Theorem 3.5 we used the fact that X has the
Fatou property only in part (2a). But conditions (1) and (2) imply that
the map ϕ has no periodic points in M , where the set M is defined as
in the proof of Theorem 3.5, and we can apply Corollary 3.10 instead
of Corollary 3.4. 
An important special case of Corollary 3.11 is the following
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Corollary 3.12. . Let X be a Banach C(K)-module and T be a d-
endomorphism of X. Assume that
(∗) Every cyclic subspace of X when represented as a Banach lattice
has order continuous norm.
Then the statement of Theorem 3.5 remains correct.
Moreover, if the powers of T are d-independent then the sets σ(T ),
σa.p.(T ), σr(T ), as well as the essential spectra σi(T ), i = 1, . . . , 5 and
σ2(T
′) are rotation invariant.
Proof. It follows from condition (∗) and Theorem 4.6 in [13] that X is a
Kaplansky module and that the corresponding compact space K is Hy-
perstonean. Moreover, condition (∗) implies that any d-endomorphism
of X is order continuous. It remains to apply Corollary 3.11. 
4. The case when the conjugate T ′ also preserves
disjointness.
We start with the following simple result
Proposition 4.1. Let X be a Kaplansky module and T be an order
continuous d-endomorphism of X. Assume that
(1) The map ϕ : E → K is injective.
(2) The powers T i, i ∈ N ∪ {0} are independent.
Then the sets σ(T ), σa.p.(T ), σr(T ), as well as the essential spectra
σi(T ), i = 1, . . . , 5 and σ2(T
′) are rotation invariant.
Proof. Condition (1) and the Frolik’s theorem (see [21, Theorem 6.25])
imply that the set F (m) of all ϕ-periodic points of period less or equal to
m is clopen in K. Therefore, it follows from condition (2) that the set
of all ϕ-periodic points is empty. It remains to apply Theorem 3.9. 
Corollary 4.2. Let X be a Kaplansky module and T be a d-endomorphism
of X. Assume that
(1) The operator T is order continuous.
(2) The conjugate operator T ′ is a d-endomorphism of the Kaplan-
sky module X ′.
(3) The powers T i, i ∈ N ∪ {0} are independent.
Then the sets σ(T ), σa.p.(T ), σr(T ), as well as the essential spectra
σi(T ), i = 1, . . . , 5 and σ2(T
′) are rotation invariant.
Proof. It follows from conditions (1) and (2) and a result of Hart (see [4,
Theorem 2.8, the equivalence (c) ⇔ (e)]) that for any x ∈ X the
restriction of the map ϕ on the set supp(Tx) is injective. The set⋃
x∈X
supp(Tx) is dense in E. Because E is extremally disconnected, ϕ is
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a homeomorphism of E onto ϕ(E). It remains to apply Proposition 4.1.

In the case when T is a d-endomorphism of a Kaplansky module X
and the map varphi is injective, the cited above Frolik’s theorem im-
plies that Πm = Pm
3. Obviously, in this case Hm = Πm and therefore,
Tm = T(m).
Theorem 4.3. Let X be a Kaplansky module and T be an order con-
tinuous d-endomorphism of X. Assume that the map ϕ : E → K is
injective. Assume additionally one of the following conditions
(a) The module X has the Fatou property.
(b) The compact space K is hyperstonean.
Then
(1) σ(T ) =
∞⋃
n=1
σ(Tm) ∪ σ∞,
(2) σa.p.(T ) =
∞⋃
n=1
σa.p.(Tm) ∪ σa.p.,∞,
(3) σi(T ) =
∞⋃
n=1
σi(Tm) ∪ σi,∞, i = 1, . . . , 5,
(4) σ2(T
′) =
∞⋃
n=1
σ2(T
′
m) ∪ σ′2,∞.
where the sets σ∞, σap,∞, σi,∞, i = 1, . . . , 5, and σ′2,∞ are rotation in-
variant.
Proof. The inclusions
σ(Tm) ⊆ σ(T ), σa.p.(Tm) ⊆ σa.p.(T ),
σi(Tm) ⊆ σi(T ), i = 1, . . . , 5, and σ2(T ′m) ⊆ σ2(T ′)
follow from the fact that the projections χΠm commute with T . To
prove statements (1) - (5) let us introduce the sets Rn = K \
n⋃
j=1
Πj
and notice that in virtue of Lemma 3.2 for any given positive ε and
any α ∈ T we can find an n ∈ N and an f ∈ C(Rn) such that |f | ≡ 1
on Rn and ‖f ◦ ϕ − αf‖C(Rn)‖ < ε. After that we can proceed as in
the proof of Theorem 3.9. 
Corollary 4.4. Let X be a Kaplansky module and T be a d-endomorphism
of X. Assume that
(1) The operator T is order continuous.
3We use the notations from Definitions 2.16 and 2.20.
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(2) The conjugate operator T ′ is a d-endomorphism of the Kaplan-
sky module X ′.
Then the conclusion of Theorem 4.3 holds.
Let us add one more result in this direction. Notice that in the
following theorem we do not assume that T is order continuous and
therefore Theorem 2.8 from [4] cannot be directly applied.
Theorem 4.5. Let X be a Kaplansky module and T be a d-endomorphism
of X. Assume that
(1) X has the Fatou property.
(2) T ′ is a d-endomorphism of the Kaplansky module X ′.
Then
σ2(T ) =
∞⋃
n=1
σ2(Tm) ∪ σ2,∞
where the set σ2,∞ is rotation invariant.
In particular, if the powers of T are d-independent the set σ2(T ) is
rotation invariant.
Proof. It was proved in [1, Proof of Proposition 12.20, p.105] that con-
ditions (1) and (2) imply that ϕ−1(Πm) = Πm. Therefore, Hm = Πm
and we can proceed as in the proof of part (2) of Theorem 3.5. In-
deed, in part (2a) of that proof we did not use the fact that T is
order continuous, abd in part (2b) we used it only to establish that
ϕ−1(Hm) = Hm. 
In view of Theorems 4.3 and 4.5 it becomes desirable to obtain more
information about the spectrum and essential spectra of operators Tm.
Proposition 4.6. Let X be a Kaplansky module and assume that T ∈
L(X) commutes with all the operators from C(K).
(1) If K has no isolated points then
λ ∈ σp(T )⇒ null(λI − T ) =∞. (16)
Therefore,
λI − T ∈ Φ+ ⇒ null(λI − T ) = 0. (17)
(2) If Q does not have isolated points, where C(Q) = Z(X ′), then
in addition to (16) and (17) we have
λ ∈ σp(T ′)⇒ def(λI − T ) =∞. (18)
Therefore,
λI − T ∈ Φ− ⇒ def(λI − T ) = 0. (19)
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Proof. (1) Let Tx = λx, where x ∈ X and x 6= 0. Then supp x is
an infinite clopen subset of K. Let Ej be the sequence of pairwise
disjoint clopen, nonempty subsets of supp x. Then for every n we have
xn = χEnx 6= 0 and Txn = λxn. Therefore, null(λI − T ) = ∞ and
λI − T 6∈ Φ+.
(2) Because T commutes with C(K) and T ′ is continuous in the
topology σ(L(X ′), X ′⊗X , T ′ commutes with C(Q). It is immediate to
see that if Q does not have isolated points, neither does K. It remains
to apply the reasoning from part (1) of the proof. 
Corollary 4.7. Let X be a Kaplansky module and let T ∈ L(X) com-
mute with C(K). Assume that Q has no isolated points. Then
(1) σ2(T ) = σa.p.(T ).
(2) σ2(T
′) = σa.p.(T ′).
(3) If λI−T is a Fredholm operator then it is invertible. Therefore,
σ3(T ) = σ(T ).
Corollary 4.8. Let X be a Kaplansky module and T be a d-endomorphism
of X. If K has no isolated ϕ-periodic points then for every m ∈ N such
that Πm 6= ∅ we have σ2(Tm) = σa.p.(Tm).
If Q does not have isolated ψ-periodic points then additionally we
have σ2(T
′
m) = σa.p.(T
′
m) and σ3(Tm) = σ(Tm).
Proof. The proof follows from Corollary 4.7 and the fact that the op-
erator Tmm commutes with the operators from C(K). 
Corollary 4.9. Let X be a Kaplansky module and T be a d-isomorphism
of X. Assume that K has no isolated ϕ-periodic points. Assume also
that every cyclic subspace, X(x), represented as a Banach lattice, has
order continuous norm. Then for every m ∈ N such that Πm 6= ∅ we
have σ2(Tm) = σa.p.(Tm), σ2(T
′
m) = σa.p.(T
′
m), and σ3(Tm) = σ(Tm).
Proof. By Theorem 9.10 from [1, p. 61] the conditions of the corollary
imply that Z(X ′) = Z(X). It remains to apply Corollary 4.8. 
We can prove a stronger result.
Proposition 4.10. Let X be a Kaplansky module and T be a
d-endomorphism of X. Assume that for every x ∈ X the conjugate
space X(x)′, represented as a Banach lattice, has no atoms. Then
then for every m ∈ N such that Πm 6= ∅ we have σ2(Tm) = σa.p.(Tm),
σ2(T
′
m) = σa.p.(T
′
m), and σ3(Tm) = σ(Tm).
Proof. Because for any x ∈ X X(x)′ has no atoms, neither does X(x),
and therefore K has no isolated points. Assume that q is an isolated
point of Q and consider z ∈ X ′ such that supp z = {q}. It is immediate
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to see that for any g ∈ C(Q) we have gz = g(q)z. Let x ∈ X be
such that z(x) = 1. Then the restriction u = z|X(x) is a positive
functional on the Banach lattice X(x). Indeed, if f ∈ C(K) and f ≥ 0
then u(fx) = f ′z(x) = f ′(q)z(x) ≥ 0. Assume that v ∈ X(x)′ and
0 ≤ v ≤ u. Then we have f ∈ C(K), f(q) = 0 ⇒ v(fx) = 0. Let
a = v(x). We can easily verify that v = au and thus u is an atom in
X(x)′ in contradiction with our assumptions. 
Remark 4.11. Necessary and sufficient conditions for the conjugateX ′
to a Banach lattice X to be non-atomic were obtained by Lozanovsky
in [17] in the case when X is a Dedekind complete Banach lattice, and
in general case by de Pagter and Wnuk in [19].
Let us turn to the case when K does have isolated ϕ-periodic points.
In this case, without any additional assumptions we cannot make any
meaningful statement about the spectrum and essential spectra of T .
Indeed, if p is an isolated point in K and ϕ(p) = p then Y = χ{p}X can
be an arbitrary Banach space and χ{p}T can be an arbitrary operator
from L(Y ). But the situation changes if we assume that the projections
corresponding to isolated ϕ-periodic points are finite dimensional.
The proof of the following Theorem 4.12 follows immediately from
Proposition 4.10, and therefore we omit it. The statement of The-
orem 4.12 requires one explanation. It is easy to see that for every
m ∈ N the operator T ′m is a d-endomorphism of X ′ and (T ′m)m com-
mutes with C(Q). We denote the corresponding map by ψ. The map
ψ is defined on χ′ΠmQ and every point of χ
′
ΠmQ is ψ-periodic with the
period m.
Theorem 4.12. Let X be a Kaplansky module and T be a d-endomorphism
of X. Assume that for any isolated ϕ-periodic point of K we have
dimχ{p}X <∞. Then for any m ∈ N such that Πm 6= ∅,
(1)
σ5(Tm) = σ3(Tm).
(2) The following conditions are equivalent
(a)
λ ∈ σ(Tm) \ σ5(Tm).
(b) There are isolated points p1, . . . , pk ∈ Πm such that
ϕs(pi) 6= ϕt(pj), 1 ≤ i < j ≤ p, s, t ∈ [1 : m],
λm ∈ σ((χpiTm)m), i = 1, . . . , p,
λ 6∈ σ(χETm), where E = Πm \ {ϕj(pi), i ∈ [1 : k], j ∈ [1 : m]}.
Spectrum of weighted composition operators. VI 25
(c) There are isolated points q1, . . . , qk ∈ χΠmQ such that
ψs(qi) 6= ψt(pj), 1 ≤ i < j ≤ p, s, t ∈ [1 : m],
λm ∈ σ((χqiT ′m)m), i = 1, . . . , p,
λ 6∈ σ(χET ′m), where E = χΠmQ \ {ϕj(qi), i ∈ [1 : k], j ∈ [1 : m]}.
There is an important subclass of the class of Kaplansky modules
for which the condition of Theorem 4.12 is automatically satisfied. Let
us recall the following definition from [14].
Definition 4.13. A Banach C(K)-module X is called finitely gener-
ated if there are x1, . . . , xn ∈ X such that the linear subspace
n∑
i=1
X(xi)
is dense in X .
Remark 4.14. The reader interested in the properties of finitely gen-
erated C(K)-modules is referred to [13] - [16].
Corollary 4.15. Let X be a finitely generated Kaplansky module and
T be a d-endomorphism of X. Then for every isokated in K point p
we have dimχ{p}X <∞ and therefore the conclusion of Theorem 4.12
remains valid.
We can get a complete description of the spectrum and essential
spectra of operators Tm in the case when T
m
m ∈ C(K). It is the case, in
particular, when X is a Dedekind complete Banach lattice. Taking into
consideration statement (1) of Theorem 3.5, we see that it is sufficient
to prove the following proposition.
Proposition 4.16. Let X be a Banach C(K)-module and f ∈ C(K).
Then
(1) σ(f) = f(K).
(2) σ1(f) = σ5(f).
(3) The following conditions are equivalent
(a) λ ∈ σ(f) \ σ5(f).
(b) There is a finite nonempty subset S = {k1, k2, . . . , kn} of K
such that
• every point of S is isolated in K.
• f(ki) = λ, i = 1, . . . , n.
• dimχ{ki}X <∞, i = 1, . . . , n.
• λ 6∈ f(K \ S).
Proof. (1) is obvious.
The implication (3b)⇒ (3a) is also obvious.
Spectrum of weighted composition operators. VI 26
Assume that (3b) is false and consider the set Kλ = f
−1(λ). Then
either Kλ contains a point k isolated in K such that dimχ{k}X = ∞,
and therefore λ ∈ σ5(T ), or it contains a limit point of K and in this
case λ ∈ σ5(T ) follows from (1).
It remains to prove that if λ ∈ σ5(T ) then λ ∈ σ1(T ). From the previous
step it is clear that we can consider the case when Kλ contains a point
k which is not isolated in K. Let On, n ∈ N, be open subsets of K
with properties
(i) clOk ∩ cl(
⋃
n 6=k
On) = ∅.
(ii) |f(t)− λ| < 1/n, t ∈ On.
Consider fn ∈ C(K) such that ‖fn‖ = 1 and supp(fn) ⊆ On. Let
xn ∈ X be such that ‖xn‖ = 1 and ‖fnxn ≥ 1 − 1/n. Let yn = fnxn.
Then ‖yn‖ → 1 and it follows from (ii) that fyn − λyn → 0.
Next we will prove that the sequence yn is singular. Let x =
∞∑
n=1
yn/n
2
and let X(x) be the corresponding cyclic subspace of X , i.e.
X(x) = cl{gx : g ∈ C(K)}.
The space X(x) endowed with the original norm on X and the order
generated by the cone X+(x) = cl{gx : g ∈ C+(K)} is a Banach lattice
(see [5]). It follows easily from (i) that yn ∈ X(x) and yn are disjoint
elements of X(x). Therefore the sequence yn is singular and λ ∈ σ2(T ).
To prove that λ ∈ σ2(T ′) consider x′n ∈ X ′ such that ‖x′n‖ = 1
and ‖f ′nx′n‖ ≥ 1 − 1/n. Let y′n = f ′nx′n. Then f ′y′n − λy′n → 0. Let
x′ =
∞∑
n=1
y′n/n
2. Then y′n are disjoint elements of the Banach lattice
X ′(x′) and therefore the sequence y′n is singular. 
5. The case T = wU , σ(U) ⊆ T.
The main goal of the results presented in this section is to obtain an
analog of Theorem 2.33 for Kaplansky modules.
Let X be a Kaplansky module and T be a d-endomorphism of X .
The operator T is called a d-isomorphism of X if T is invertible and
the inverse T−1 is also a d-endomorphism of X .
Remark 5.1. If X is a Banach lattice and T is an invertible dis-
jointness preserving operator on X then, as proved by Huijsmans and
de Pagter in [6], the inverse operator automatically preserves disjoint-
ness. It is in general not true for invertible d-endomorphisms of Banach
C(K)-modules. See [1, Remark 12.17, p.99] for a simple example of
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an invertible d-endomorphism of a Kaplansky module such that the
inverse operator does not preserve disjointness.
In this section we will consider a special class of d-isomorphisms.
Namely, we will assume that X is a Kaplansky module, U is a d-
isomorphism of X , and
σ(U) ⊆ T. (20)
The operators on X considered in this section are of the form
T = wU,w ∈ C(K). (21)
The map
f → UfU−1
defines an automorphism of C(K). We will denote the corresponding
homeomorphism of K by ϕ.
Together with T we will consider operator S on C(K) defined as
(Sf)(k) = w(k)f(ϕ(k)), f ∈ C(K), k ∈ K. (22)
The operator S is a weighted automorphism of C(K). The spectrum
and essential spectra of such operators are completely described by
Theorems 2.26, 2.27, 2.28, and 2.30. See also [10] and [12]. We are in-
terested in the relations between the spectra of T and the corresponding
spectra of S. We cannot expect the statement of Theorem 2.33 to hold
in the case when X is an arbitrary Kaplansky module, at least, with-
out any additional assumptions. Indeed, let H be a Hilbert space such
that dimH ≥ 2 and U be a unitary operator on H such that σ(U)
is not a singleton. We consider H as a C(K)-module where K is a
singleton. Let w = 1. Then clearly σ(S) = {1} 6= σ(U). Nevertheless,
by putting some reasonable restrictions on ϕ we will be able to obtain
a considerable amount of information about the spectra of T and their
relation to the corresponding spectra of S.
Theorem 5.2. Assume that the map ϕ has no periodic points in K.
Then
σ(T ) = σ(S).
Proof. It follows immediately from (20) that ρ(T ) = ρ(S). Because the
set of ϕ-periodic points is empty, it follows from Theorem 2.15 that
both σ(S) and σ(T ) are rotation invariant. Thus, our statement will
be proved if we show that
|σ(T )| = |σ(S)|, (23)
where
|σ(A)| = {|λ| : λ ∈ σ(A), A ∈ L(X)}.
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Assume first that both T and S are invertible operators, i.e. |w| > 0
on K. Notice that ρ(T−1) = ρ(S−1). Let r > 0 and r 6∈ |σ(S)|. We
need to prove that r 6∈ |σ(T )|. The cases when
r > ρ(S) = ρ(T ) or r < 1/ρ(S−1) = 1/ρ(T−1)
are trivial Thus we can assume that
1/ρ(S−1) < r < ρ(S).
By Theorem 3.10 in [10] K is the union of two clopen ϕ-invariant
subsets K1 and K2 such that
σ(χ1S, C(K1)) ⊆ {λ ∈ C : |λ| < r}
and σ(χ2S, C(K2)) ⊆ {λ ∈ C : |λ| > r}, (24)
where χ1 and χ2 are the characteristic functions of K1 and K2, respec-
tively. It is easy to see from (20) and (24) that
σ(χ1T, χ1X) ⊆ {λ ∈ C : |λ| < r}
and σ(χ2T, χ2X) ⊆ {λ ∈ C : |λ| > r}. (25)
It is immediate to see from (25) and the fact that T commutes with χ1
and χ2 that r 6∈ |σ(T )|.
Now assume that r 6∈ |σ(T )| and 1/ρ(T−1) < r < ρ(T ). We claim
that r 6∈ |σ(S)|. We will prove this claim in several steps.
(1) Notice that σ(T ) = σ1 ∪ σ2 where σ1 ⊂ {λ ∈ C : |λ| < r} and σ2 ⊂
{λ ∈ C : |λ| > r}. Let P1, P2 be the spectral projections corresponding
to the sets σ1, σ2, respectively. On this step we claim that P1, and
therefore, P2 commute with operators from C(K). Let x ∈ P1X and
f ∈ C(K). Then for any n ∈ N we have
T nfx = wnU
nfx = wnU
nfU−nUnx = wn(f ◦ ϕn)Unx = (f ◦ ϕn)T nx,
Therefore,
lim sup ‖T nfx‖1/n ≤ r. (26)
It follows from (26) that P1fP1 = fP1. Therefore P
′
1f
′P ′1 = P
′
1f
′. On
the other hand let F ∈ P ′1X ′. Then for any n ∈ N
(T ′)nf ′F = (Un)′(wn)′f ′F = (Un)′f ′(U−n)Un(wn)′F =
= (f ◦ ϕ−n)′(T n)′F. (27)
It follows from (27) that
lim sup ‖(T n)′f ′F‖1/n ≤ r, (28)
and therefore P ′1f
′P=1 f
′P ′1. Hence, P1f = fP1.
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(2) On this step we will prove that P1 commutes with U , and therefore,
with U−1. Let x ∈ P1X . It follows immediately from the identity
T nUx = (w ◦ ϕn)−1T n+1x
that Ux ∈ P1x and thus P1UP1 = UP1. Similarly, if F ∈ P ′1X ′ then
(T n)′U ′F = (Un)′(wn)
′U ′F = (Un+1)′(U−1)′(wn)
′U ′F =
= (Un+1)′(wn ◦ ϕ)′F = (T n+1)′(w′)−1F. (29)
Because, by step 1, (w′)−1F ∈ P ′1X ′, it follows from (29) that U ′F ∈
P1X
′. We conclude that P1U = UP1 and therefore P1U−1 = U−1P1.
(3) On this step we will assume, contrary to what we intend to prove,
that r ∈ |σ(S)|. Then rT ⊆ σ(S). There are two possibilities.
(3a) rT ⊆ σa.p.(S). Then by Lemma 3.25 from [10] there is a point
k in K such that
|wn(k)| ≥ rn, |wn(ϕ−n(k))| ≤ rn, n ∈ N. (30)
As k is not a ϕ-periodic point for any m ∈ N we can find a clopen
neighborhood Om of k such that the sets ϕ
(j)(Om), |j| ≤ m + 1 are
pairwise disjoint and
|wn(s)| ≥ (1/2)rn, |wn(ϕ−n(s)| ≤ 2rn, s ∈ Om, n ∈ [1 : m+ 1]. (31)
Let xm ∈ X be such that χOmxm = xm and ‖xm‖ = 1, and let
ym =
m∑
j=−m
(
1− 1√
m
)|j|
r−jT jxm. (32)
It follows from (20), (31), and (32) that (see [10] for more details)
‖Tym − rym‖ = o(‖ym‖), m→∞
Hence, r ∈ |σ(T )|, a contradiction.
(3b) rT ⊆ σr(S). Then, by Theorem 3.29 in [10], r ∈ σa.p.(S˜) where
(S˜f)(k) = w(k)f(ϕ−1(k)), f ∈ C(K), k ∈ K.
Consider on X the operator T˜ = wU−1. By steps (1) and (2) T˜ com-
mutes with projections P1, P2. Therefore,
‖T˜ nP1‖ = ‖wnU−nP1‖ = ‖T nP1U−2n‖ ≤ ‖T nP1‖‖U−2n‖. (33)
From (33), (20), and the fact that ρ(P1T ) < r we obtain that
ρ(P1T˜ ) < r. (34)
Similarly we can prove that
ρ(P2T˜
−1) < r. (35)
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From (34) and (35) follows that rT ∩ σ(T˜ ) = ∅. It follows from the
results in [10] that σ(S˜) = σ(S). Applying step (3a) to operators T˜
and S˜ we come to a contradiction.
To finish the proof it remains to consider the case when the weight
w is not invertible in C(K). No changes are needed to prove the im-
plication
r 6∈ |σ(S)| ⇒ r 6∈ |σ(T )|.
Assume that 0 < r < ρ(T ) and that r 6∈ |σ(T )|. Because the compact
space K is extremally disconnected we can for every n ∈ N find w(n) ∈
C(K) such that w(n) is invertible in C(K) and ‖w − w(n)‖ < 1/n. Let
T (n) = w(n)U . Then for any large enough n we have r 6∈ |σ(T (n))|. Let
S(n) be the operator on C(K) defined as
(S(n)f)(k) = w(n)(k)f(ϕ(k)), f ∈ C(K), k ∈ K.
By the previous part of the proof for any large enough n we have
r 6∈ |σ(S(n)|. (36)
Assume that r ∈ |σ(S)|. It follows from (36) and from the fact that
the set of operators invertible from the left is open in L(X) that r ∈
σa.p.(S). Let k ∈ K and Om be as in step (3a). Let xm ∈ X be such
that ‖xm‖ = 1 and supp(xm) ⊆ ϕm(Om). Finally, let
ym =
2m∑
j=0
(
1− 1√
m
)|m−j|
r−jT jxm. (37)
A simple computation shows (see [10]) that
‖Tym − rym‖ = o(‖ym‖), m→∞,
a contradiction. 
Remark 5.3. . The proof of Theorem 5.2 shows that if we drop the
assumption that the set of all periodic points of ϕ is empty we still can
claim that |σ(T )| = |σ(S)|.
Theorem 5.4. Assume conditions of Theorem 5.2. Then σa.p.(T ) =
σa.p.(S) and σr(T ) = σr(S).
Proof. It is enough to prove the first equality; the second follows from
it and Theorem 5.2. We have already proved the inclusion σa.p.(S) ⊆
σa.p.(T ) in the course of proving Theorem 5.2. The proof of the inverse
inclusion, σa.p.(T ) ⊆ σa.p.(S) repeats almost verbatim the correspond-
ing proof in the case of Dedekind complete Banach lattices (see [11,
Proof of Theorem 3.20, part 2]). Nevertheless, we include it for the
reader’s convenience.
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Assume that λ ∈ σr(S). First notice that λ 6= 0. Indeed, if 0 ∈ σ(S)
then there is a point k ∈ K such that w(k) = 0. For any n ∈ N let
On be a clopen neighborhood of k such that |w| < 1/n on On and let
xn ∈ X be such that ‖xn‖ = 1 and suppxn ⊆ On. Then obviously
Txn → 0 and therefore 0 ∈ σa.p.(T ).
Thus, we can assume that λ = 1. By Theorem 2.26 K is the union
of disjoint ϕ-invariant sets K1, K2, and O with the properties
(I) The sets K1 and K2 are closed in K.
(II) σ(S, C(K1)) ⊆ {λ ∈ C : |λ| < 1}.
(III) σ(S, C(K2)) ⊆ {λ ∈ C : |λ| > 1}.
(IV) For any clopen subset E of O and for any clopen neighborhoods
V1, V2 of K1 and K2, respectively there is an m ∈ N such that
ϕm(E) ⊆ V1 and ϕ−m(E) ⊆ V2.
Assume contrary to our claim that there are xn ∈ X such that ‖xn‖ = 1
and Txn − xn →
n→∞
0. It follows from (IV ) that there are a clopen
neighborhood V of K1 and a q ∈ N such that ϕ(q)(V ) ⊂ V . By
considering operators T q and Sq instead of T and S, respectively, we
can assume that ϕ(V ) ⊂ V . Then S acts on C(V ) and by [10, Theorem
3.23] ρ(S, C(V )) = ρ(S, C(K1)) < 1. Therefore there are m ∈ N and
a ∈ (0, 1) such that ‖wp‖C(V )‖Up‖ ≤ ap for p ∈ {m,m+ 1, . . .}. Let us
fix such a p. Then T pxn − xn → 0 whence PV T pxn − PV xn → 0. But
‖PV T pxn‖ = ‖PVwpUpxn‖ ≤ ap and therefore lim sup ‖PV xn‖ ≤ ap.
Because p can be chosen arbitrary large we see that lim sup ‖PV xn‖ = 0.
Therefore we can assume that supp xn ⊆ K2 ∪ (O \ V ). But then it
is not difficult to see from (IV ) and (20) that there are A > 1 and
m ∈ N such that ‖Tmxn‖ ≥ A, ∀ n ∈ N in obvious contradiction with
Tmxn − xn →
n→0
0. 
We will now discuss how Theorems 5.2 and 5.4 should be modified
if we relinquish the condition that the set of all ϕ-periodic points is
empty. We start with the following situation. Let X be a Kaplansky
module, U be a an operator from L(X) that commutes with C(K),
w ∈ C(K), and T = wU . We want to describe the spectrum σ(T )
providing that we have the description of σ(U). To this end for any
k ∈ K we introduce the sets σk(U) and σka.p.(U) as follows.
Let {Vα} be the net of all clopen neighborhood of k in K. Let χα
be the characteristic function of Vα. Because U commutes with χα
the operator Uα = χαU acts on Xα = χαX . Let σ
α(U) = σ(Uα) and
σαa.p.(U) = σa.p.(Uα). Finally, let
σk(U) =
⋂
α
σα(U) and σka.p.(U) =
⋂
α
σαa.p.(U).
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Theorem 5.5. Let X be a Kaplansky module, U be a an operator from
L(X) that commutes with C(K), w ∈ C(K), and T = wU . Then
σ(T ) =
⋃
k∈K
w(k)σk(U) and σa.p.(T ) =
⋃
k∈K
w(k)σka.p.(U).
Proof. We divide the proof into four steps.
(1) We will prove that σ(T ) ⊆ ⋃
k∈K
w(k)σk(U). Let λ ∈ C be such that
λ 6∈ ⋃
k∈K
w(k)σk(U). Let us fix k ∈ K. Then we can find a clopen
neighborhood Vk of k such that
λ 6∈ {w(t)α : t ∈ Vk, α ∈ σ(U |χVkX)}. (38)
It follows from (38) and the fact that the operators w and U commute
that λ 6∈ σ(T |χVkX). Therefore we can find disjoint clopen subsets
V1, . . . , Vp of K such that
K =
p⋃
i=1
Vi and λ 6∈ σ(T |χViX), i = 1, . . . , p. (39)
It follows immediately from (39) that λ 6∈ σ(T ).
(2) We will prove the inverse inclusion
⋃
k∈K
w(k)σk(U) ⊆ σ(T ). Assume
that for some k ∈ K we have λ = w(k)γ where γ ∈ σk(U). We can
assume without loss of generality that w(k) 6= 0. Assume also, contrary
to our claim, that the operator λI − T is invertible. For any clopen
neighborhood Vα of k we consider the function wα ∈ C(K) defined as
wα(t) =
{
w(k), t ∈ Vα;
w(t), t ∈ K \ Vα.
Let Tα = wαU . Then there is an α such that the operator λI − Tα is
invertible. Therefore, the operator (λI − Tα)χα is invertible on χαX .
But (λI − Tα)χα = w(k)(γI − U)χα whence the operator (γI − U)χα
is invertible on χαX , a contradiction.
(3) On this step we will prove the inclusion
⋃
k∈K
w(k)σka.p.(U) ⊆ σa.p.(T ).
Let λ = w(k)γ where γ ∈ σka.p.(U). Let us fix an ε > 0 and a clopen
neighborhood V of k such that |w(t) − w(k)| ≤ ε, t ∈ V . By the
definition of σka.p.(U) there is an x ∈ χvX such that ‖x‖ = 1 and
‖Ux− γx‖ ≤ ε. Then ‖Tx− λx‖ ≤ ε(‖U‖+ ‖w‖).
(4) It remains to prove the inclusion σa.p.(T ) ⊆
⋃
k∈K
w(k)σka.p.(U). Let
λ 6∈ ⋃
k∈K
w(k)σka.p.(U). Then for every k ∈ K we can find a clopen
neighborhood Vk of k and a constant c(k) > 0 such that ‖Tx− λx‖ ≥
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c(k)‖x‖, x ∈ χVkX . By taking a finite covering of K consisting of
such neighborhoods we see that the operator λI − T is bounded from
below. 
Corollary 5.6. Let X be a Kaplansky module, U be a d-isomorphism
of X, and ϕ be the corresponding homeomorphism of K. Assume that
there is an m ∈ N such that for every k ∈ K we have ϕ(m)(k) = k
and ϕ(i)(k) 6= k for every positive integer i < m. Let w ∈ C(K) and
T = wU . Then
σ(T ) = {λ ∈ C : λm ∈
⋃
k∈K
wm(k)σ
k(Um)}
and
σa.p.(T ) = {λ ∈ C : λm ∈
⋃
k∈K
wm(k)σ
k
a.p.(U
m)}.
Proof. The proof follows from Theorem 5.5 (applied to the operator
Tm) and the fact that the operators T and γT are similar for every
γ ∈ C such that γm = 1. See the proof of part (1) of Theorem 3.5. 
Let X be a Kaplansky module and K be the corresponding ex-
tremally disconnected compact Hausdorff space. Let ϕ be a homeo-
morphism of K onto itself. We consider the following subsets of K.
• Πm, m ∈ N, is the set of all ϕ-periodic points of the period m.
• Π = cl
∞⋃
m=1
Πm.
• NΠ = K \ Π.
By Frolik’s theorem all the sets introduced above are clopen inK (some
of them, of course, can be empty). We will denote by χm, m ∈ N, χΠ,
and χNΠ the corresponding characteristic functions.
Let U be a d-isomorphism of X and ϕ be the corresponding homeo-
morphism of K. Clearly U commutes with introduced above character-
istic functions (considered as operators on X). LetXm = χmX,m ∈ N,
XΠ = χΠX , and XNΠ = χNΠX .
Let w ∈ C(K) and T = wU . Let σm = σ(T |Xm), m ∈ N.
Theorem 5.7. Let X be a Kaplansky module, U be a d-isomorphism
of X, and w ∈ C(K). Assume that σ(U) ⊆ T. Let T = wU . Then
(1) σa.p.(T |Xm) = σm, m ∈ N.
(2) σ(T |XΠ) = σa.p.(T |XΠ) = cl
∞⋃
m=1
σ(T |Xm) ∪ σ where σ is a
rotation invariant subset of C.
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(3) σ(T |XNΠ) = σ(S, C(NΠ)) and σa.p.(T |XNΠ) = σa.p.(S, C(NΠ))
where
Sf = w(f ◦ ϕ), f ∈ C(NΠ).
Proof. (1) follows from Theorem 5.5, Corollary 5.6, and the condition
σ(U) ⊆ T.
(2) The fact that σ is rotation invariant follows immediately from part
(1) of Lemma 3.2. Assume, contrary to our claim that there is a λ ∈ C
such that λ ∈ σr(T |XΠ). It follows from (1) and Corollary 5.6 that
there is an m ∈ N, such that λT ⊆ σr(T |X(m)) where X(m) = XΠ ⊖
m∑
j=1
⊕Xm. By Remark 5.3 there is a β ∈ C such that |β| = |λ| and β ∈
σ(S, C(KmΠ )) where K
m
Π = cl
∞⋃
j=m
Πj. Notice that β ∈ σa.p.(S, C(KmΠ )).
Indeed, otherwise by Theorem 2.26 there is an open nonempty subset
E of KmΠ such that the sets ϕ
(n)(E), n ∈ Z are pairwise disjoint. This
clearly contradicts the definition of KmΠ . Thus, there is a k ∈ KmΠ
such that inequalities (30) hold. it is immediate to see that k cannot
be a ϕ-periodic point. Then, the same reasoning as in the proof of
Theorem 5.2 shows that λT ⊆ σa.p.(T ).
(3) follows from Theorems 5.2 and 5.4. 
As the next example shows, we cannot claim in statement (2) of
Theorem 5.7 that σ(T |XΠ) = cl
∞⋃
m=1
σ(T |Xm).
Example 5.8. Let E be the subset of C defined as follows.
E = {(i, 1/n) : n ∈ N,−2n ≤ i ≤ 2n} ∪ {(i, 0) : i ∈ Z}.
Let the map ϕ : E → E be defined as
ϕ((i, 0)) = (i+ 1, 0), i ∈ Z;
ϕ((i, 1/n)) = (i+ 1, 1/n), n ∈ N,−2n ≤ i < 2n;
ϕ((2n, 1/n)) = (−2n, 1/n), n ∈ N.
Let us also define the weight w as follows.
w(i, 1/n) =


1, if −2n ≤ i < −n;
2, if −n ≤ i ≤ n;
1, if n < i < 2n.
w(i, 0) = 2, i ∈ Z.
Clearly E endowed with the topology inherited from C is a locally
compact space, ϕ is a homeomorphism of E, and w is continuous and
bounded on E. Let βE be the Stone - Cˇech compactification of E.
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Then ϕ extends uniquely to a homeomorphism τ of βE and w can
be identified with the unique function W ∈ C(βE). We define the
disjointness preserving operator T on C(βE) as
Tf =W (f ◦ τ), f ∈ C(βE).
Notice that T is order continuous on C(βE).
Let K be the absolute of βE. Then C(K) can be identified with the
Dedekind completion of C(βE), the homeomorphism τ can be extended
in the unique way (see [20]) to a homeomorphism ψ of K, W can be
identified with Wˆ ∈ C(K), and the operator T being order continuous
extends in the unique way to the operator Tˆ on C(K) defined as
Tˆ f = Wˆ (f ◦ ψ).
Let Πm, m ∈ N be the set of all ψ-periodic points in K of the period
m. It is easy to see that
(1) Πm = ∅ if m 6= 4k + 1.
(2) Π4k+1 can be identified with the set {(i, 1/k) : −2k ≤ i ≤ 2k}.
(3) K = cl
∞⋃
k=1
Π4k+1.
(4) σ4k+1 = σ(Tˆ , C(Π4k+1)) = {ργ : ρ = 2
2k+1
4k+1 , γ4k+1 = 1}.
(5) 2T ⊆ σ(Tˆ ).
It follows from (4) and (5) that
cl
∞⋃
k=1
σ4k+1 $ σ(Tˆ ).
We turn now to essential spectra of operators of the form wU .
Theorem 5.9. Let X be a Kaplansky module, U be a d-isomorphism of
X, w ∈ C(K), σ(U) ⊆ T, and T = wU . Let ϕ be the homeomorphism
of K corresponding to the automorphism of C(K): f → UfU−1. As-
sume that the set of all ϕ-periodic points in K is empty and also assume
that K has no isolated points. Then
σ2(T ) = σa.p.(T ).
Proof. The inclusion σ2(T ) ⊆ σa.p.(T ) follows from definition of σ2(T ).
Assume that λ ∈ σa.p.(T ). First assume that λ = 0. Then w is not
invertible in C(K). Let k ∈ K be such that w(k) = 0. Because
k is not isolated in K we can find clopen pairwise disjoint subsets
Vn, n ∈ N of K such that |w(t)| < 1/n, t ∈ Vn. Let xn ∈ X be such
that ‖xn‖ = 1 and χVnxn = xn. Then clearly ‖Txn‖ ≤ (1/n)‖U‖.
Moreover, because the elements xn have pairwise disjoint supports the
sequence xn is singular.
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Let now λ ∈ σa.p.(T ), λ 6= 0. By Theorem 5.4 and [10, Lemma 3.25]
there is a point k ∈ K such that the inequalities (30) hold. We proceed
now almost as in the proof of Theorem 5.4. Namely, because k is neither
an isolated nor a ϕ-periodic point we can find clopen nonempty subsets
Om, m ∈ N of K such that
• The sets ϕ(j)(Om), |j| ≤ m+ 1, m ∈ N, are pairwise disjoint.
• On set Om inequalities (31) hold.
Let ym be as in the proof of Theorem 5.4 and zm = ym/‖ym‖. Then
Tzm − λzm → 0 and the sequence zm is singular. 
Theorem 5.10. Let X be a Kaplansky module, U be a d-isomorphism
of X, w ∈ C(K), σ(U) ⊆ T, and T = wU . Let ϕ be the homeomor-
phism of K corresponding to the automorphism of C(K): f → UfU−1.
Assume that the set of all ϕ-periodic points in K is empty and also as-
sume that K has no isolated points. Consider operator T˜ = wU−1.
Then
σ2(T
′) = σa.p.(T˜ ).
Proof. We prove first that σa.p.(T˜ ) ⊆ σ2(T ′). Let λ ∈ σa.p.(T˜ ). The case
λ = 0 can be considered in the same way as in the proof of Theorem 5.9.
Assume therefore that λ 6= 0. From Theorem 5.4 and [10, Lemma 3.25]
we can conclude that there is k ∈ K such that
|wn(k)| ≤ rn, |wn(ϕ(−n)(k)| ≥ rn, n ∈ N. (40)
The map f → f ′, f ∈ C(K) defines on X ′ the structure of a Banach
C(K)-module. 4 Notice that for any f ∈ C(K) we have (f ◦ ϕ−1)′ =
(U−1fU)′ = U ′f ′(U ′)−1 and therefore to the map f ′ → U ′f ′(U ′)−1
corresponds the homeomorphism ϕ(−1) of K. Now, by using inequali-
ties (40) we can prove that λ ∈ σ2(T ′) similarly to the proof of Theo-
rem 5.9.
Next we need to consider the case when λ ∈ σr(T˜ ). It follows from
Theorem 5.4 and from [10, Theorem 3.29] that there are closed disjoint
subsets K1, K2 and O of K with the following properties.
(1) ϕ(K1) = K1 and ρ(S, C(K1) < |λ|.
(2) ϕ(K2) = K2. The operator S is invertible on C(K2) and
ρ(S−1, C(K2) < |λ|.
(3) The set O is clopen in K, the sets ϕ(j)(O), j ∈ Z are pairwise
disjoint, and K = K1 ∪K2 ∪
∞⋃
j=−∞
ϕ(j)(O).
(4)
∞⋂
n=1
cl
∞⋃
j=n
ϕ(j)(O) ⊆ K2.
4Of course, in general (X ′, C(K)) is not a Kaplansky module.
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(5)
∞⋂
n=1
cl
∞⋃
j=n
ϕ(−j)(O) ⊆ K1.
Assume that there is a sequence Fn ∈ X ′ such that ‖Fn‖ = 1 and
T ′Fn − λFn → 0. We can bring this assumption to a contradiction
using properties (1) - (5) above and the same reasoning as in the proof
of Theorem 5.4. 
Corollary 5.11. Assume conditions of Theorem 2.21. Then
σ(T ) = σ3(T ).
Corollary 5.12. Assume conditions of Theorem 2.21. Assume also
that K contains no clopen ϕ-wandering subset, i.e. for every nonempty
clopen O ⊆ K the sets ϕ(j)(O), j ∈ Z cannot be pairwise disjoint. Then
σ(T ) = σa.p.(T ) = σ1(T ).
Let us look now what happens when we drop the condition that ϕ
has no periodic points but still assume that K has no isolated points.
Combining Theorems 5.7 and 2.21 with Theorem 3.29 from [10] we
have the following (using the same notations as in the statement of
Theorem 5.7).
Theorem 5.13. Let X be a Kaplansky module, U be a d-isomorphism
of X such that σ(U) ⊆ T, ϕ be the corresponding homeomorphism of
K, w ∈ C(K) and T = wU . Assume that K contains no isolated
points. Then
(1) σ(T ) = σ3(T ).
(2) σ1(T ) = σ1(T |XNΠ) ∪ σ(T |XΠ).
(3) σ2(T ) = σ2(T |XNΠ) ∪ σ(T |XΠ).
(4) σ2(T
′) = σ2(T ′|(XNΠ)′) ∪ σ(T |XΠ).
(5) If K contains no clopen ϕ-wandering subset then σ(T ) = σ1(T ).
To complete our description of essential spectra of operators of the
form wU, σ(U) ⊆ T we need to get rid of the condition that K contains
no isolated points. The following theorem provides a description of
the sets σ3(T ) and σ4(T ). The proof of this theorem is simple and
resembles the proof of the corresponding result for Dedekind complete
Banach lattices in [12]. Therefore we omit it.
Theorem 5.14. Let X be a Kaplansky module, U be a d-isomorphism
of X such that σ(U) ⊆ T, ϕ be the corresponding homeomorphism of
K, w ∈ C(K), and T = wU . Assume that λ ∈ σ(T ). The operator
λI − T is Fredholm if and only if there are subsets K1, K2, K3, K4 of
K such that
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(1) The sets K1, . . .
′K4 are at most finite and at least one of sets
K1, K2, K3 is not empty.
(2) If k ∈ K1 ∪ K2 ∪ K3 then k is an isolated point of K and
dimχ{k}X = nk <∞.
(3) If k1, k2 ∈ K1 ∪K2 ∪K3 then ϕ(i)(k1) 6= ϕ(j)(k2), i, j ∈ Z.
(4) Let k ∈ K1, L1 =
∞⋂
n=1
cl{ϕ(j)(k) : k ≥ n} and L2 =
∞⋂
n=1
cl{ϕ(−j)(k) :
k ≥ n}. Then ρ(S, C(L2)) < |λ|, the operator S is invertible on
C(L1) and ρ(S
−1, C(L1)) < 1/|λ|.
(5) If k ∈ K2 and L1 and L2 are as above then ρ(S, C(L1)) <
|λ|, the operator S is invertible on C(L2) and ρ(S−1, C(L2)) <
1/|λ|.
(6) If k ∈ K3 then k is a ϕ-periodic point and λp ∈ wp(k)σ(Up|χ{k}X).
(7) If k ∈ K4 then k is a ϕ-periodic point, λp 6∈ wp(k)σ(Up|χ{k}X),
but |λp| ∈ |wp(k)||σ(Up|χ{k}X)|.
(8) |λ| 6∈ |σ(S, C(K \
4⋃
i=1
Ki)|.
Moreover
ind(λI − T ) =
∑
k∈K1
nk −
∑
k∈K2
nk.
Remark 5.15. If we assume that X is a finitely generated Kaplansky
module then the condition dimχ{k}X <∞ in part (2) of the statement
of Theorem 5.14 is satisfied automatically.
Corollary 5.16. Let X be a Kaplansky module, U be a d-isomorphism
of X such that σ(U) ⊆ T, w ∈ C(K) and T = wU . Then
σ5(T ) = σ4(T ).
Corollary 5.17. Let X be a Kaplansky module, U be a d-isomorphism
of X such that σ(U) ⊆ T, w ∈ C(K) and T = wU . The following
conditions are equivalent.
(1) λ ∈ σ(T ) \ σ5(T ).
(2) The operator λI − T is Fredholm and the sets K1 and K2 from
the statement of Theorem 5.14 are empty.
6. Examples.
6.1. Spaces of vector valued continuous functions. Let K be a
compact Hausdorff space and Y be a Banach space. We consider the
Banach space C(K, Y ) of all continuous maps from K into Y with the
standard norm
‖x‖ = max
k∈K
‖x(k)‖Y .
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It is immediate to see that C(K, Y ) is a Banach C(K)-module with
the Fatou property. Let E be an open nonempty subset of K, ϕ be a
continuous map from E into K, and w be a continuous map from E
into L(Y ) such that
sup
k∈E
‖w(k)‖ <∞.
The formula
(Tx)(k) =
{
w(k)x(ϕ(k)), k ∈ E;
0, otherwise
(41)
defines a bounded d-endomorphism of C(K, Y ). Moreover, if the set
of all eventually ϕ-periodic points is of first category in K then the
powers of T are d-independent. Therefore we have
Corollary 6.1. Let T be an operator on C(K, Y ) defined by the for-
mula (41) and let the set of all eventually ϕ-periodic points be of first
category in K. Then the sets
σ(T ), σa.p.(T ), and σ2(T )
are rotation invariant.
Remark 6.2. In the case when Y = C it is well known (see e.g. [10,
Theorem 3.1]) that every continuous disjointness preserving operator
on C(K) is of the form (41). Whether a similar statement is correct
when dim Y ≥ 2 is, to the best of our knowledge, an open question. We
know nevertheless (see [1, pp 128 - 129]), that if T is a continuous d-
endomorphism of C(K,E) then there are an open subset ET of K and
a continuous map ϕT : ET → K such that if the set of all eventually
ϕ-periodic points is of first category in K, then the powers of T are
d-independent, and therefore the conclusion of Corollary 6.1 remains
valid.
Assume now that K is an extremally disconnected compact space.
Then C(K, Y ) is a Kaplansky module with the Fatou property and we
can apply the corresponding results from Sections 3 and 4. We will
also state the following analog of Theorem 5.5.
Theorem 6.3. Let K be an extremally disconnected compact space.
Let Y be a Banach space and w : K → L(Y ) be a continuous map. Let
T ∈ L(C(K, Y )) be defined as
(Tx)(k) = w(k)x(k), x ∈ C(K, Y ), k ∈ K.
Then
σ(T ) =
⋃
k∈K
σ(w(k)) and σa.p.(T ) =
⋃
k∈K
σa.p.(w(k)).
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The proof of Theorem 6.3 is similar to that of Theorem 5.5 and we
omit it.
Corollary 6.4. Assume conditions of Theorem 6.3. Assume addition-
ally that for every k ∈ K we have σ(w(k)) = σa.p.(w(k)). Then
σ(T ) = σa.p.(T )
Moreover, if K has no isolated points then
σ(T ) = σ2T )
Remark 6.5. The condition σ(w(k)) = σa.p.(w(k)), k ∈ K is satisfied,
in particular, in the following two important cases
• dimY <∞.
• ∀k ∈ K the operator w(k) is a surjective isometry on Y .
We leave it to the reader to state the corresponding analog of Corol-
lary 5.6
Finally let us notice that if w(k) = f(k)u(k), where f ∈ C(K) and
∀k ∈ K σ(u(k)) ⊆ T then T = fU , σ(U) ⊆ T, and we can apply the
corresponding results of Section 5.
6.2. Ko¨the-Bochner function spaces. We will not try to discuss
this example in full generality, but will consider only a comparatively
simple situation which, nevertheless, provides a good illustration of our
previous results.
Let (Ω,Σ, µ) be a space with a finite complete non-atomic measure
µ and ψ : Ω→ Ω be a measure preserving ergodic transformation. Let
I be a Banach ideal in the vector lattice L0(Ω,Σ, µ) of (classes) all µ-
measurable functions on Ω. We assume that the operator x→ x◦ψ acts
on I and that ‖x ◦ ψ‖ = ‖x‖, x ∈ I. This condition will be satisfied
if, for example, I is an interpolation space between L∞(Ω,Σ, µ) and
L1(Ω,Σ, µ). Let Y be a Banach space andX be the space of all strongly
measurable Y -valued functions on Ω such that
x ∈ X ⇔ ℓ(·) = ‖x(·)‖y ∈ I.
Endowed with the norm ‖x‖ = ‖ℓ(·)‖Y X becomes a Banach space (see
e.g. [18]). It is easy to see that X is a Kaplansky C(K)-module, where
K is the Gelfand compact of the Banach algebra L∞(Ω,Σ, µ). Let
w : Ω→ L(Y ) be a strongly measurable essentially bounded function.
Then the formula
(Tx)(ω) = w(ω)x(ψ(omega))
defines a bounded d-endomorphism of X . Let ϕ be the corresponding
map from Proposition 2.7. It is immediate that ϕ is an open map of K
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onto itself and that the set of all ϕ-periodic points is of first category
in K. Moreover, because K is hyperstonean, the set of all ϕ-periodic
points is empty. By Theorem 3.9 the sets σ(T ), σa.p.(T ), σr(T ) as well
as the essential spectra σi(T ), i = 1, . . . , 5 and σ2(T
′) are rotation in-
variant.
As a simple example we can consider the space (T,Σ, m), where m is
the Lebesgue measure, and the ergodic transformation ψ(ω) = ω2, ω ∈
T.
References
[1] Abramovich Yu.A., Arenson E.L., Kitover A.K., Banach C(K)-modules and
operators preserving disjointness, In: Pitman Research Notes in Mathematical
Series, v. 277 (1992)
[2] Browder F.E., On the spectral theory of elliptic differential operators I, Math.
Ann. 142 , 22-130 (1961)
[3] Edmunds D.E. and Evans W.D., Spectral Theory and Differential Operators,
Clarendon Press, Oxford (1987)
[4] Hart D.R., Some properties of disjointness preserving operators, Indig. Math.,
47, 183 -197 (1985)
[5] Hadwin D., Orhon M., A noncommutative theory of Bade functionals, Glasgow
Math J., 33, 73 -81 (1991)
[6] Huijsmans C. B., de Pagter B., Invertible disjointness preserving operators,
Proceed. Edinburgh. Math. Soc. 37(2), 125132 (1993)
[7] Kantorovich L.V., Akilov G.P., Functional Analysis, Pergamon Press (1982)
[8] Kaplansky I, Modules over operator algebras, Am. J. Math, 75(4), 839 - 853
(1953)
[9] Kato T., Perturbation theory for linear operators, Springer (1995)
[10] Kitover A.K., Spectrum of weighted composiiton operators: part 1. Spectrum
of weighted composition operators on C(K) and uniform algebras, Positivity,
15, 639 - 659 (2011)
[11] Kitover A.K., Spectrum of weighted composition operators. Part II: weighted
composition operators on subspaces of Banach lattices, Positivity, 17, 655 -
676 (2013)
[12] Kitover A.K., Spectrum of Weighted Composition Operators Part III: Essential
Spectra of Some Disjointness Preserving Operators on Banach Lattices, In:
Ordered Structures and Applications: Positivity VII, Trends in Mathematics,
Springer International Publishing, 233261 (2016)
[13] Kitover A.K., Orhon M., Dedekind complete and order continuous Ba-
nach C(K)-modules, In: Positivity abd noncommutative analysis, Birkha¨user
(2019)
[14] Kitover A.K., Orhon M., Reflexivity of Banach C( K)-modules via the reflex-
ivity of Banach lattices, Positivity, 18, 475488 (2014)
[15] Kitover A.K., Orhon M., Weak sequential completeness in Banach C(K)-
modules of finite multiplicity, Positivity, 21, 739753 (2017)
[16] Kitover A.K., Orhon M., The dual RadonNikodym property for finitely gen-
erated Banach C(K)-modules, Positivity, 22, 587596 (2018)
Spectrum of weighted composition operators. VI 42
[17] Lozanovskii, G. Ja. - Discrete functionals in Marcinkiewicz and Orlicz spaces
(Russian), Studies in the theory of functions of several real variables, 2, 132-
147, Jaroslav. Gos. Univ., Yaroslavl (1978)
[18] Pei-Kee Lin, Ko¨the-Bochner Function Spaces, Springer (2004)
[19] De Pagter B., Wnuk W., Some remarks on Banach lattices with non-atomic
duals,Indag. Mathem., N.S., 1(3), 391-396 (1990)
[20] Veksler A.I., On the homomorphisms between the classes of regular operators
in K-lineals and their completions. Izv. Vyss. Ucebn. Zaved. Matematika, 1(14),
4857 (1960)
[21] Walker R.C., The Stone - Cˇech compactification. Ergebnisse der Mathematik
und ihrer Grenzgebiete, 83, Springer (1974)
Community College of Philadelphia, 1700 Spring Garden St., Philadel-
phia, PA, USA
E-mail address : akitover@ccp.edu
University of New Hampshire, Durham, NH, 03824
E-mail address : mo@unh.edu
